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Basic Model 1

§1 E tl n Deriv tl n 1.a Equation Derivation . . . . . 1
-a. Equation berivatio 1b Scripting Gauss-Seidel FDM 1
Iteration Calculation . . . . . 1

Definition 1.a.1 Our system of equations governing flow in the tube Relevant Statistics . . . .. . 3
1cResults ............ 4

is given by _
ey e 1 dP 1.d Ethylene Glycol Mixture . . . 6

ﬁ+8_y2=p_vE (11)

2 2
T 8T_w(dTm) an

8x2+8_y2_g dz

e adopt a central difference scheme for the derivatives on the
LHS, yielding

(Ax)? ’ Ay Cpo

Tiv1;—2Tj+Tima;  Tijn — 2T+ T w (dTm )

Wi, —2Wj [+ Wi—1j Wil —2Wij +Wij-1 1 (dP
dz

T \dz

(Ax)? i (Ay)? “a
Quite straightforwardly, we solve for the w; ; and T; ; respectively

(Ax)*(Ay)* dP
pv dz
o (Ax)*Ay)*  dP . Ay (Wis1,j + wio1,k) + (Ax)*(wj j41 + Wi j-1)
Y 2((Ay)? + (Ax)D)po dz 2((Ay)* + (Ax)?)
L (Ay)? dp . (Ay /Ay (Wisa,j + Wiz1 k) + Wi j1 + Wi j1
~ (2(Ay/Ax)? +2)pv dz 2(Ay/Ax)? +2

w;,/(—2((Ay)* + (Ax)?)) = Ay (Wisa,j + Wiz1k) — (AX)* (W) j41 + Wj j-1)

hence the form described. An analogous process for T follows
w; j(Ax)*(Ay)* dT,
SR S AP (T 4 T ) = AP (T + T
T w; j(Ax)*(Ay)? dTy . (AY)A(Ti,j + Tica k) + (Ax)*(T; ju1 + T j-1)
YET2((Ay)? + (Ax))a dz 2((Ay)? + (Ax)?)
o w; j(Ay)? dTy . (Ay/Ax)(Tis1,j + T ) + T jur + T joa
 (2Ay/Ax)? +2)a dz 2(Ay/Ax)? +2

T; i (-2((Ay)* + (Ax)?)) =

§1.b. Scripting Gauss-Seidel FDM

Iteration Calculation

The following is described in julia, however a subsequent version in
Matlab was also partially used in developing the code. We first de-
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fine the relevant constants needed as stated by the problem state-
ment in (i)

dx = .45e-3;#m
dy = .45e-3;#m
dpdz=-17;#Pa/m
dtdz=7;#C/m

Tw = 85;#C
a = 1.46e-7
rho = 997

v = 8.26e-7
cp = 4164
k=.608

e_w = .0005
e_t = .05
Nx = 21

Ny = 61

Initialization of the W.T matrices and respective coordinate vectors
can be seen by

W = zeros(Nx,Ny)

T = 70%*ones (Nx,Ny)

x = collect(0:0.45:27)
y = collect(0:0.45:9)

lterating across the grid for the W values as described by the [2]
step while keeping an error index ey, gives the following loop

while true
e_max = 0
for i = 2:(Nx-1), j = 2:(Ny-1)
Wp = ((dy/dx) "2*(W[i+1,jl+Wli-1,j1)+W[i,j+1]1+W[i,]
-11) /(2*(dy/dx) "2+2) -dpdz*dy "2/ (rho*v* (2* (dy/dx)
~2+2))
if (abs(W[i,jl-Wp)>e_max) e_max = abs(W[i,jl-Wp) end
Wli,jl = WwWp;
end
if (e_max<e_w) break end
end

and similarly for [3] the same is done with the temperature

while true

e_max = 0
for i = 2:(Nx-1), j = 2:(Ny-1)
Tp = ((dy/dx) 2% (T[i+1,jI1+T[i-1,j1)+T[i,j+11+TI[i,]
-11) /(2% (dy/dx) "2+2) -W[i, jl*dtdz*dy 2/ (a*x(2*(dy/dx)
"2+2))
if (abs(T[i,j]-Tp)>e_max) e_max = abs(T[i,j]l-Tp) end
T[i,j] = Tp
end
if (e_max<e_t) break end

end

This yields the converged versions of T and W for the first task®

1 Basic Model 2

We induce the boundary wall temper-
ature through the following code

T[[1,end],:] .= Tw
T[:,[1,end]] .= Tw

1. This will be defined as a function as
it will be reused in the following ques-
tions



Relevant Statistics
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To find the mean velocity and temperature we have

1
Wp=| W Tyw=-———" | WTdA
" .[Q " VWth I ‘

As the boundary values are constant we can omit the bound-
aries with 1 indices and simply average the rest of the values
divided by the size of the domain. Appropriately, we have the
code

Wm = dx*dy*sum(W[2:end,2:end])/ys/xs

Tm=sum ( (dx*dy)*T[2:end,2:end] .*W[2:end,2:end])/Wm/
xs/ys

For this specific case, this yields the mean values

Wy = .09369 | \Tm — 44.8958

. Heat flux is determined by Fourier's law computed numeri-

cally using FDM
Gw =—kVT

Expanding, we have

=—k &_T+8_T
v = dx  dy

and since the boundary walls are either parallel to the horizon-
tal or vertical axis, ;T or 9, T will be negligible at any bound-
ary point. Thus on the horizontal boundaries we evaluate

g- _kTi,jil =T,
Ay
and respectively for the vertical boundaries we evaluate

Tis1,;— Tij
= —k—
1 Ax
Then the local heat transfer coefficient can be determined by?
_ 9
h= Ty — T
In code, this is accomplished by

#heat flux

q = zeros (Nx,Ny)

ql1,:] = k.x(T[1,:]1-T[2,:])./dx

ql:,1] = k.*(T[:,1]1-T[:,2])./dy
qlend,:] = k.*(T[end,:]-T[end-1,:])./dx
ql:,end] k.*(T[:,end]-T[:,end-11) ./dy

#heat transfer coeff
hc=q./(Tw-Tm)
Lastly, the average heat transfer coefficient is found by

hmc=(sum(q[1,:I*dx)+sum(qlend,:]1*dx)+sum(ql[:,end]*
dy)+sum(ql:,1]1*dy))/(Tw-Tm) /(2% (.027+.009))

1 Basic Model 3

2. T, and T, are wall and mean tem-
perature respectively



1 Basic Model 4

4. For plot generation we use the surf function from PyPlot

1|surf(x,y,W,facecolors=get_cmap("jet") (W/maximum (W) )
, linewidth=0, antialiased=false, shade=false)

which can be accordingly done for temperature aswell

§1.c. Results

We run the program described above to yield the plots
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Figure 1.1: velocity 3d surface plot
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Figure 1.2: temp 3d surface plot

We plot the heat transfer coefficient values on the long and short
walls as
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x axis Figure 1.3: heat coeff. on x wall
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The maximum and minimum values of the heat transfer coefficient
are then seen to be

hemax = he(9mm, 14.5mm) = 339.3079 hcpin = he(corner nodes) =0

Additionally, the average heat transfer coefficient is seen by evalu-
ating

1| hem=dx*sum(q) / (Tw-Tm) / (2% (ys+xs))

which yields for this problem an average of
heat transfer coefl\can = 158.6935
Through simple algebra, the hydraulic diameter is seen to be

_ 4Ap  4x0.000243m°

Dy = -
n e .072m

=0.0135

The Nusselt number in this situation is calculated with a character-
istic length equal to the hydraulic diameter, yielding

hL  158.6395 = 0.0135

Nuj = 2= = = 3.5224
W= 0.608

Plotting this against the geometries described in the problem set,
where the x axis denotes the 1:x scale rectangular domain, we have
a rough consistency with Nusselt numbers



1 Basic Model 6
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2 3 4 5 6 7 8 Figure 1.5: Nusselt Number Compari-
geometry scaling factor son

Similarly, for the Reynolds number we have the calculation

_ Wu x Dy 0.0135 % 0.09369

v T 82ex107 ool

Re

this is all scripted into the code as general equations, so we can
easily return a set of statistics for the following tasks.

§1.d. Ethylene Glycol Mixture

We modify the above code for the given constants, and the respec-
tive plots yield

0.14
0.12
0.10

3 0.8

% 0.06

0.04
0.02
0.00

Figure 1.6: velocity 3d surface plot
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(2 bap)L

Figure 1.7: temp 3d surface plot
and the heat transfer coefficient, Nusselt numbers of

hemean = 106.3821 Nuy, = 3.5286



Adiabatic Model 2

. . 2.a Adiabatic Model
§2.a. Adiabatic Model 2b Statistics

We modify the previous code to fit our new constraints, adding an

additional line of code in the temperature loop to enforce a zero-
flux condition on the right wall

1|T[end,:] = T[end-1,:]

The changed mesh size is simply accomplished by redefining the
dimensions of the mesh to the appropriate values, Nx = 21 and

Ny =41 This yields the relevant 3d plots for velocity and tempera-
ture,
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Figure 2.1: velocity 3d surface plot
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Figure 2.2: temp 3d surface plot

The zero flux condition on the right boundary as shown allows tem-

perature to decrease on the RHS when converged, as compared to
the previous examples.



§2.b. Statistics

Our relevant statistics are computed with the same formulas as in
the previous problem as there are no null spaces in the computed
domain, yielding

Statistic Value

dh 0.012
Nug, 25890
he,, 109.290

Re 1191.0287

The Nusselt number of this problem is comparable with the Nusselt
number for a square domain given.

2 Adiabatic Model

9
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Bent Model

§3.a. Bent Model

For the bent domain, we accordingly split each of the loops to iter-
ate across their own rectangular sections, yielding the code

while true

end

e_max = 0

for i = 2:15; j = 2:20

Wp = ((dy/dx)~2+x(W[i+1,jl+wWli-1,jI)+wli,j+11+W[i,]
-11)/(2x(dy/dx) "2+2) -dpdz*dy "2/ (rho*v*(2*(dy/dx)
~2+2))

if (abs(W[i,jl-Wp)>e_max) e_max = abs(W[i,jl-Wp) end
Wli,jl = wp

end

for i = 7:15; j = 21:41

Wp = ((dy/dx)~2+x(W[i+1,jl+wli-1,jI)+wli,j+11+W[i,]
-11)/(2x(dy/dx) "2+2) -dpdz*dy "2/ (rho*v*(2*(dy/dx)
~2+2))

if (abs(W[i,jl-Wp)>e_max) e_max = abs(W[i,jl-Wp) end
Wli,jl = Wp

end

for i = 7:20; j = 42:60

Wp = ((dy/dx)~2+x(W[i+1,jl+wWli-1,jI1)+wWli,j+11+W[i,]
-11)/(2x(dy/dx) "2+2) -dpdz*dy "2/ (rho*v* (2% (dy/dx)
~2+2))

if (abs(W[i, jl-Wp)>e_max) e_max = abs(W[i,jl-Wp) end
Wli,jl = Wp

end

if (e_max<e_w) break end

An analogous process can be followed for T, modified with the ap-
propriate formula that was derived earlier. These calculations will
yield the graphs

0.025
0.020
0.015
0.010 y

0.006 0.005
x 0.008 0.000

3aBentModel . .. ... ...
3.b Statistics . ... .... ..

Figure 3.1: velocity 3d surface plot
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§3.b. Statistics

We require several modifications to properly evaluate the relevant
statistics. Because the domain leaves some negative space, some
simple algebra gives a new area of 0.000162m2 but a consistent perime-
ter. We introduce a simple loop to define the temperature at the
negative space to the wall temperature

indices = findall (x->x==70,T)

for i in 1:size(indices) [1]
T[lindices[i]l] = Tw

end

Note that as W, of the negative space datapoints are 0, the W x T
computation while determining T,, means no additional modifica-
tions to average temperature are needed. We only substitute the
area calculation with a previously determined area variable, as the
averages are multiplied across their respective local cross sections.
The heat flux is determined on the selected boundaries by

ql1,1:21] = k.*(T[1,1:21] - T[2,1:21])./dx

glend,41:end] = k.*(T[end,41:end] - T[end-1,41:end])./dx
ql6,21:end] = k.*(T[6,21:end] - T[7,21:end])./dx
ql16,1:41] = k.*(T[16,1:41] - T[15,1:41])./dx

q[1:6,21] = k.*(T[1:6,21] - T[1:6,20])./dy
ql1:16,1] = k.x(T[1:16,1] - T[1:16,2])./dy
ql[6:end,end] k.*(T[6:end,end] - T[6:end,end-1])./dy
ql16:end,41] k.*(T[16:end,41] - T[16:end,42])./dy

This yields the relevant statistics

Statistic Value

Nup, 4.8822
hey, 320.8242
Re 439.0593
dh 0.009
Wi, 0.0402
Tin 81.399

3 Bent Model 11

Figure 3.2: temp 3d surface plot
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Custom Model

§4.a. Determination and Scripts

We choose to make a plus shaped geometry. The dimensions will
be a 8 node width on each side with a maximum length/width of
61 nodes. The step sizes are maintained from previous tasks. Our
domains are then split accordingly for the W,

for

end

c = 1:30000
e_max = 0
for i = 27:35
for j = 2:26
Wp = ((dy/dx) 2% (W[i+1,j1+Wli-1,31)+W[1,j
+11+W[i,j-11) /(2% (dy/dx) ~2+2) -dpdz*dy "2/ (rho*v* (2% (
dy/dx) ~2+2))
if (abs(W[i,jl-Wp)>e_max)
e_max = abs(W[i,jl-Wp)
end
Wli,jl = Wp
end
end
for i = 2:60
for j = 27:35
Wp = ((dy/dx) "2+ (W[i+1,jl+W[i-1,31)+W[i,j
+1]1+W[i,j-11) /(2% (dy/dx) ~2+2) -dpdz*dy "2/ (rho*v* (2% (
dy/dx) "2+2))
if (abs(W[i, jl-Wp)>e_max)
e_max = abs(W[i,jl-Wp)
end
Wli,jl = Wp
end
end
for i = 27:35
for j = 36:60
Wp = ((dy/dx) " 2*(W[i+1,jl+Wli-1,jI1)+W[i,]
+1]1+W[i,j-11)/(2x(dy/dx) "2+2) -dpdz*dy "2/ (rho*v* (2x*(
dy/dx) ~2+2))
if (abs (W[i, j]l-Wp)>e_max)
e_max = abs(W[i,jl-Wp)
end
Wli,jl = Wp
end
end
if (e_max<e_w)
break
end

An analogous process can be followed to converge the tempera-
ture, with the same equations that we derived earlier. This yields

4.a Determination and Scripts 12

4.b Statistics

14



the graphs for velocity and temperature as
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4 Custom Model 13

Figure 4.1: velocity 3d surface plot

Figure 4.2: velocity 2d surface plot

Figure 4.3: temp 3d surface plot
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§4.b. Statistics

e use the same format as from the previous calculations with the

sixe A

bent model and get the following code for heat flux

q = zeros (Nx,Ny)

#fix pm coeffs

ql1:26,26]
ql26,1:26]

q[26:36,1]
ql1,26:36]

ql1:26,36]
ql[36,1:26]

q[30:61,26]
q[26,30:61]

q[36:61,36]
q[36,36:61]

q[26:36,61]
ql61,26:36]

k

k.

k

*(T[1:26,26]
*(T[26,1:26]

.*x(T[26:36,1]
k.

*(T[1,26:36]

.*%(T[1:26,36]
.*(T[36,1:26]

~

T[1:26,27])
T[27,1:26])

T[26:36,2])
T[2,26:36])

T[1:26,35])
T[35,1:26])

./dy
./dx

./dy
./dx

./dy
./dx

.*x(T[30:61,26]
.*(T[26,30:61]

.x(T[36:61,36]
.*(T[36,36:61]

.*x(T[26:36,61]
.*x(T[61,26:36]

T[30:61,27])
T[27,30:61])

T[36:61,35])
T[35,36:61])

T[26:36,60])
T[60,26:36])

Statistic Value
Nug 4.0194
hey, 363.6684
Re 334.7014
dh 0.00672
Wi, 0.0411
T 787803

./dy
./dx

./dy
./dx

./dy
./dy

4 Custom Model 14

Figure 4.4: temp 2d surface plot



Work Organization

For this project, Ed first did the equation derivations. Matthew de-
veloped and ran the converging solutions for T and \¥ across all the
four different tasks, whereupon Ed took those results to calculate
the relevant statistics and writeup conclusions. Our division of work
made it easy for both of us to work on the project. Please find any

related flow charts below.
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§1.a. Julia Code, Task 1

using PyPlot

Appendix

param = 2 # 1 for water only 2 for mix with ethy

if (param==1)

els

end

Nx

Ny
Xs

ys

e

dx = .45e-3
dy = .45e-3

dpdz=-17;
dtdz=7;

Tw = 85;

a = 1.46e-7
rho = 997

v = 8.26e-7
cp = 4164
k=.608

e_w = .0005
e_t = .05
title = "water only"

# ethyn mix
dx = .45e-3;
dy = .45e-3;
dpdz=-17;
dtdz=7;

Tw = 85;

a = 1.08e-7;
rho = 1055;
v = 9e-7;

cp = 3559;
k=.407;

e_w = .0005;
e_t = .05;
title = "ethy and water mix"

21;
61;
.009
.027

#datadeclaration

W = zeros(Nx,Ny)

T = 70%*ones (Nx,Ny)
T[[1,end],:] .= Tw
T[:,[1,end]] .= Tw

while true

e_max = 0
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for i = 2:(Nx-1), j = 2:(Ny-1)
Wp = ((dy/dx)~2+x(W[i+1,jI+wWli-1,jI1)+Wli,j+11+WI[i,]
-1]1)/(2x(dy/dx) "2+2) -dpdz*dy "2/ (rho*v* (2% (dy/dx)

“2+2))

if (abs(W[i, jl-Wp)>e_max) e_max = abs(W[i,jl-Wp) end
Wi, jl = vp;

end

if (e_max<e_w) break end
end

while true
e_max = 0
for i = 2:(Nx-1), j = 2:(Ny-1)
Tp = ((dy/dx)~2x(T[i+1,j1+T[i-1,3j1)+T[i,j+11+T[i,]
-11)/(2*x(dy/dx) "2+2) -W[i, jl*dtdz*dy~2/(a*(2*(dy/dx)
~2+2))
if (abs(T[i,j]l-Tp)>e_max) e_max = abs(T[i,j]l-Tp) end
T[i,j]l = Tp
end
if (e_max<e_t) break end

end

#mean velocity and temperature

Wm = dx*dy*sum(W[2:end,2:end])/ys/xs

Tm=sum ((dx*dy)*T[2:end,2:end] .*W[2:end,2:end]) /Wm/xs/ys
#Tm = dx*dy*sum(T[2:end,2:end])/ys/xs

#heat flux
q = zeros(Nx,Ny)

ql1,:] = k.*(T[1,:]1-T[2,:]1)./dx

ql:,1] = -k.*(T[:,1]1-T[:,2])./4dy
glend,:] = k.*(T[end,:]-T[end-1,:]1)./dx
ql:,end] = -k.*(T[:,end]-T[:,end-1])./dy

#heat transfer coeff
hc=q./(Tw-Tm)

#mean hc
hem=(sum(q[1,:]I*dx)+sum(qlend, :]1*dx)+sum(ql:,end]*dy)+
sum(q[:,11*dy))/(Tw-Tm) /(2% (ys+xs))

#graphers

W=Ww';T=T"

x = collect(0:dx:xs)

y = collect(0:dy:ys)

figure ()

plti=surf(x,y,W,facecolors=get_cmap("jet") (W/maximum(W))
, linewidth=0, shade=false)

xlabel ("x"); ylabel("y"); zlabel("W(m/s)")

figure ()

plt2=surf(x,y,T,facecolors=get_cmap("jet") (T/maximum(T))
, linewidth=0, shade=false)

xlabel("x"); ylabel("y"); zlabel("T(deg C)")

#dimensionless numbers
dh = (4*xxs*xys)/(2*x(xs+ys))
Nu = (hcm*dh)/k

18
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39
40
41
42
43
44

Re

= (Wm*dh) /v

println(title)

println("Reynolds Number = ", Re)
println("Nusselt Number = ", Nu)
println("Heat transfer Coeff = ", hcm)

§1.

#wa

dx
dy
dpd
dtd
Tw
a =
rho
v =
cp
k=.
e_w
e_t
Nx
Ny
XS

ys
W =
T =
TLL
T[:

whi

end

whi

end

b. Julia Code, Task 2

ter, adibatic

= .45e-3;#m
= .45e-3;#m
z=-17;#Pa/m
z=7;#C/m
= 85;#C
1.46e-7
= 997
8.26e-7
= 4164
608
= .0005
= .05
= 21
41
= .009
= .018

zeros (Nx, Ny)
7O0xones (Nx,Ny)

1,end],:] .= Tw
,[1,end]] .= Tw
le true

e_max = 0

for i = 2:(Nx-1), j = 2:(Ny-1)

Wp = ((dy/dx)~2+x(W[li+1,jl+Wli-1,j1)+Wli,j+11+WI[i,]
-11)/(2x(dy/dx) "2+2) -dpdz*dy "2/ (rho*v* (2% (dy/dx)
~2+2))

if (abs(W[i, jl-Wp)>e_max) e_max = abs(W[i,jl-Wp) end
Wli,jl = Wp;

end

if (e_max<e_w) break end

le true

e_max = 0

for i = 2:(Nx-1), j = 2:(Ny-1)

Tp = ((dy/dx)~2x(T[i+1,j]1+T[i-1,jI1)+T[i,j+1]1+T[i,]
-11)/(2*x(dy/dx) "2+2) -W[i, jl*dtdz*dy 2/ (a*(2*(dy/dx)
~2+2))

if (abs(T[i,j]l-Tp)>e_max) e_max = abs(T[i,j]l-Tp) end
T[i,jl = Tp

end

T[lend,:] = T[end-1,:]

if (e_max<e_t) break end
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45
46
47
48
49
50
51
52
53
54
55
56
57
58
59
60
61

62
63
64
65
66
67
68

69
70
71

72
73
74
75
76
77
78
79
80
81
82

© 0N OO0 M W N R

R =
L N B o

#mean velocity and temperature
Wm = dx*dy*sum(W[2:end,2:end])/ys/xs
Tm=sum ((dx*dy)*T[2:end,2:end] .*W[2:end,2:end]) /Wm/xs/ys

#heat flux

q = zeros (Nx,Ny)

ql1,:] k.*(T[1,:1-T[2,:1)./dx

ql:,1] = kx.*(T[:,1]1-T[:,2])./dy
qlend,:] k.*(T[end,:]-T[end-1,:])./dx
ql:,end k.*(T[:,end]-T[:,end-1])./dy

#heat transfer coeff
hc=q./(Tw-Tm)

#mean hc
hem=(sum(q[1,:J*dx)+sum(qlend, :]1*dx)+sum(ql[:,end]*dy)+
sum(ql[:,1]1*dy))/(Tw-Tm) /(2% (ys+xs))

#graphers

W=W';T=T"

x = collect(0:dx:xs)

y = collect(0:dy:ys)

figure ()

plti=surf(x,y,W,facecolors=get_cmap("jet") (W/maximum(W))
, linewidth=0, shade=false)

xlabel ("x"); ylabel("y"); zlabel("W(m/s)")

figure ()

plt2=surf(x,y,T,facecolors=get_cmap("jet") (T/maximum(T))
, linewidth=0, shade=false)

xlabel("x"); ylabel("y"); zlabel("T(deg C)")

#dimensionless numbers

dh = (4xxs*ys)/(2x(xs+ys))
Nu (hcm*dh) /k

Re (Wm*dh) /v

println("adibatic water")

println("Reynolds Number = ", Re)
println("Nusselt Number = ", Nu)
println("Heat transfer Coeff = ", hcm)

§1.c. Julia Code, Task 3

dx = .45e-3;#m
dy = .45e-3;#m
dpdz=-17;#Pa/m
dtdz=7;#C/m

Tw = 90;#C
a = 1.46e-7
rho = 997

v = 8.26e-7
cp = 4164
k=.608

e_w = .0005
e_t = .05
Nx = 21
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14
15
16
17
18
19
20
21
22
23
24
25
26

27
28
29
30
31
32
33
34
35

36
37
38
39
40
41
42
43
44

45
46
47
48
49
50
51
52
53
54
55
56
57
58
59
60
61
62
63
64
65

Ny
Xs
ys
are

= 61
= .009
= .027

a = xs*xys-(dxxdy*5%x40%2)

W = zeros(Nx,Ny)
T = 70xones (Nx,Ny)
for ¢ = 1:30000
e_max = 0
for i = 2:15
for j = 2:20
Wp = ((dy/dx) 2x(W[i+1,jl+Wli-1,j1)+wW[li,j+1]+
Wli,j-11)/(2x(dy/dx) ~2+2) -dpdz*dy "2/ (rho*v*(2* (dy/dx
) "2+2))
if (abs(W[i,j]l-Wp)>e_max)
e_max = abs(W[i,jl-Wp)
end
Wli,jl = wp
end
end
for i = 7:15
for j = 21:41
Wp = ((dy/dx) 2%« (W[i+1,jl+Wli-1,j]1)+W[i,j+11+
Wli,j-11)/(2*(dy/dx) ~2+2) -dpdz*dy 2/ (rhoxv* (2% (dy/dx
) "2+2))
if (abs(W[i,j]l-Wp)>e_max)
e_max = abs(W[i,jl-Wp)
end
Wli,jl = Wp
end
end
for i = 7:20
for j = 42:60
Wp = ((dy/dx) ~2x(Wli+1,jl+Wli-1,j1)+W[i,j+11+
Wli,j-11)/(2%(dy/dx) ~2+2)-dpdz*dy 2/ (rho*v* (2% (dy/dx
) "2+2))
if (abs(W[i, j]l-Wp)>e_max)
e_max = abs(W[i,jl-Wp)
end
Wli,jl = wWp
end
end
if (e_max<e_w)
break
end
end
#temp
T[1,1:21] .= Tw
T[end,41:end] .= Tw
T[1:16,1] .= Tw
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66 | T[6:end,end] .= Tw

67| T[1:6,21] .= Tw

68| T[6,21:end] .= Tw

60| T[16,1:41] .=Tw

70| T[16:end ,41] .= Tw

71

72

73| for ¢ = 1:30000

74 e_max = 0

75

76

77

78 for i = 2:15

79 for j = 2:20

80 Tp = ((dy/dx) ~2*(T[i+1,j]1+T[i-1,j1)+T[i,j+1]+
T[i,j-11)/(2x(dy/dx) ~2+2)-W[i, jl*dtdz*dy 2/ (a*(2*(dy
/dx) "2+2))

81 if (abs(T[i,j]l-Tp)>e_max)

82 e_max = abs(T[i,j]-Tp);

83 end

84 T[i,j] = Tp

85 end

86 end

87 for i = 7:15

88 for j = 21:41

89 Tp = ((dy/dx) "2*(T[i+1,j]1+T[i-1,j1)+T[i,j+1]1+
Tli,j-11)/(2*(dy/dx) "2+2)-W[i,jl*dtdz*dy~2/(a*x(2x(dy
/dx) "2+2))

90 if (abs(T[i,j]-Tp)>e_max)

o1 e_max = abs(T[i,j]1-Tp);

92 end

93 T[i,j] = Tp

94 end

95 end

96 for i = 7:20

97 for j = 42:60

98 Tp = ((dy/dx) "2+ (T[i+1,j1+T[i-1,j1)+T[i,j+11+
T[i,j-11)/(2%(dy/dx) "2+2)-W[i, jl*dtdz*dy 2/ (a*(2x(dy
/dx) "2+2))

99 if (abs(T[i,j]l-Tp)>e_max)

100 e_max = abs(T[i,j]1-Tp);

101 end

102 Tli,j]l = Tp

103 end

104 end

105

106

107 if (e_max<e_t)

108 break

109 end

110

111 | end

112

113 | #isolate the non-domain points

114 | indices = findall (x->x==70,T)

115 | for i in 1:size(indices) [1]

116 T[indices[i]] = 90

117 | end




118
119
120

121
122
123
124
125
126
127
128
129
130
131
132
133
134
135
136
137
138
139
140
141
142
143
144
145
146
147
148
149
150
151
152
153
154
155
156
157
158

159
160

161

162

O 0O h W N e

#mean velocity and temperature

Wm = dx*dy*(sum(W[2:end,2:end])-sum(W[indices[:]]))/(
area)

Tm=sum ((dx*dy)*T[2:end,2:end] .*W[2:end,2:end]) /Wm/area

#heat flux
q = zeros(Nx,Ny)

#fix pm coeffs

ql1,1:21] = k.*(T[1,1:21] - T[2,1:21])./dx

glend,41:end] = k.*(T[end,41:end] - T[end-1,41:end])./dx
ql6,21:end] = k.*(T[6,21:end] - T[7,21:end])./dx
ql16,1:41] = k.*(T[16,1:41] - T[15,1:41])./dx

ql1:6,21] = k.*(T[1:6,21] - T[1:6,20])./dy

ql1:16,1] = k.*(T[1:16,1] - T[1:16,2])./dy
q[6:end,end] = k.*(T[6:end,end] - T[6:end,end-1])./dy
q[16:end ,41] = k.*(T[16:end,41] - T[16:end,42])./dy

#heat transfer coeff
hc=q./(Tw-Tm)

#mean hc
hem=(sum(q) *dx) /(Tw-Tm) / (2% (ys+xs))

#dimensionless numbers

dh = (4xarea)/(2x(xs+ys))
Nu (hcm*dh) /k

Re (Wm*dh) /v

println("adibatic water")
println("Reynolds Number = ", Re)

println("Nusselt Number = ", Nu)

println("Heat transfer Coeff = ", hcm)

#graphers

W=Ww';T=T"'

x = collect(0:dx:xs)

y = collect(0:dy:ys)

figure ()

plti=surf(x,y,W,facecolors=get_cmap("jet") (W/maximum(W))
, linewidth=0, shade=false)

xlabel ("x"); ylabel("y"); zlabel("W(m/s)")

figure ()

plt2=surf(x,y,T,facecolors=get_cmap("jet") ((maximum(T) .-
T)/12), linewidth=0, shade=false)

xlabel ("x"); ylabel("y"); zlabel("T(deg C)")

§1.d. Julia Code, Task 4

## Cross tube
dx = .45e-3;#m
dy = .45e-3;#m
dpdz=-17;#Pa/m
dtdz=7;#C/m

Tw = 85;#C
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(o)

10
1
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26

27
28
29
30
31
32
33
34
35

36
37
38
39
40
41
42
43
44

45
46
47
48
49
50
51
52
53
54
55
56
57
58

a = 1.46e-7

rho = 997

v = 8.26e-7
cp = 4164
k=.608

e_w = .0005
e_t = .05
Nx = 61

Ny = 61
xs=ys=.027

area= .00018144

W = zeros(Nx,Ny)
T = 70xones (Nx,Ny)

for ¢ = 1:30000
e_max = 0
for i = 27:35
for j = 2:26

Wp = ((dy/dx) 2% (W[i+1,jl+W[i-1,j1)+W[i,]
+1]1+W[i,j-11)/(2x(dy/dx) "2+2) -dpdz*dy "2/ (rho*vx* (2x*(

dy/dx) ~2+2))

if (abs (W[i, j]l-Wp)>e_max)

e_max =
end
Wli,jl = vp
end
end
for i = 2:60
for j = 27:35

Wp = ((dy/dx) 2% (W[i+1,jI+W[i-1,j1)+WI[i,]
+11+W[i, j-11) /(2% (dy/dx) ~2+2) -dpdz*dy "2/ (rho*v* (2*(

dy/dx) "2+2))

abs(W[i,jl-Wp)

if (abs (W[i, j]l-Wp)>e_max)

e_max =
end
Wwli,jl = wp
end
end
for i = 27:35
for j = 36:60

Wp = ((dy/dx) 2+ (W[i+1,jl+Wli-1,1)+W[i,]
+1]1+W[i, j-11) /(2% (dy/dx) "2+2) -dpdz*dy "2/ (rhoxv* (2*(

dy/dx) ~2+2))

abs(W[i,jl-Wp)

if (abs(W[i,j]l-Wp)>e_max)

e_max =
end
Wli,jl = vwp
end
end

if (e_max<e_w)
break
end

end

abs (W[i, jl-Wp)
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59

60

61 | #temp

62

63|T[1:26,26] .= Tw
64|T[26,1:26] .= Tw
65

66| T[1,26:36] .= Tw
67| T[26:36,1] .= Tw
68

60 |T[1:26,36] .= Tw
70| T[36,1:26] .= Tw
71

72| T[26,36:61] .= Tw
73| T[36:61,26].= Tw
74

75| T[36:61,36] = Tw
76 | T[36,36:61] .= Tw

77
78| T[61,26:36] .=Tw
79| T[26:36,61].=Tw

80

81| for ¢ = 1:30000

82 e_max = 0

83 for i = 27:35

84 for j = 2:26

85 Tp = ((dy/dx) 2% (T[i+1,j]1+T[i-1,j]1)+T[i,j
+1]1+T[i,j-11) /(2% (dy/dx) ~2+2) -W[i, jl*xdtdzxdy~2/(a
% (2% (dy/dx) ~2+2))

86 if (abs(T[i,j]-Tp)>e_max)

87 e_max = abs(T[i,j]l-Tp);

88 end

89 T[i,j] = Tp

Q0 end

o1 end

92 for i = 2:60

93 for j = 27:35

94 Tp = ((dy/dx) " 2*(T[i+1,j]1+T[i-1,3j]1)+T[i,]
+11+T[i,j-11)/(2*(dy/dx) "2+2) -W[i, jl*dtdz*dy~2/(a
(2% (dy/dx) ~2+2))

95 if (abs(T[i,j]l-Tp)>e_max)

96 e_max = abs(T[i,j]1-Tp);

97 end

98 T[i,j] = Tp

99 end

100 end

101 for i = 27:35

102 for j = 36:60

103 Tp = ((dy/dx) " 2*(T[i+1,j]1+T[i-1,3j1)+T[4i,]
+1]+T[i,j-11) /(2% (dy/dx) ~2+2)-W[i, jl*dtdz*dy~2/(a
% (2% (dy/dx) ~2+2))

104 if (abs(T[i,j]-Tp)>e_max)

105 e_max = abs(T[i,j]l-Tp);

106 end

107 T[i,jl = Tp

108 end

109 end

110
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111
112 if (e_max<e_t)
113 break

114 end

115
116 | end
117
118 | #isolate the non-domain points
119 | indices = findall (x->x==70,T)
120 | for i in 1:size(indices) [1]

121 | T[indices[i]] = 85

122 | end

123
124 | #mean velocity and temperature

125 [Wm = dx*dy*(sum(W[2:end,2:end])-sum(W[indices[:11))/(
area)

126 | Tm=sum ((dx*dy) *T[2:end ,2:end] .*W[2:end,2:end]) /Wm/area
127
128 | #heat flux

129 |q = zeros(Nx,Ny)
130
131 (#fix pm coeffs

132ql[1:26,26] = k.*(T[1:26,26] - T[1:26,27])./dy
133 q[26,1:26] = k.*(T[26,1:26] - T[27,1:26])./dx
134
135|q[26:36,1] = k.*(T[26:36,1] - T[26:36,2])./dy
136 | q[1,26:36] = k.*(T[1,26:36] - T[2,26:36])./dx
137
138|ql[1:26,36] = k.*(T[1:26,36] - T[1:26,35])./dy
139|ql[36,1:26] = k.*(T[36,1:26] - T[35,1:26])./dx
140
1411 q[30:61,26] = k.*(T[30:61,26] - T[30:61,27])./dy
142 q[26,30:61] = k.*x(T[26,30:61] - T[27,30:61])./dx
143
144 | q[36:61,36] = k.*(T[36:61,36] - T[36:61,35])./dy
145 [q[36,36:61] = k.*(T[36,36:61] - T[35,36:61])./dx
146
147 q[26:36,61] = k.*x(T[26:36,61] - T[26:36,60])./dy
148 ql[61,26:36] = k.*(T[61,26:36] - T[60,26:36])./dy
149
150 | #heat transfer coeff
151 | he=q./(Tw-Tm)

152
153 [ #mean hc

154 | hem=(sum (q) *dx) / (Tw-Tm) / (2* (ys+xs) )
155
156 | #dimensionless numbers

157 | dh = (4xarea)/(2x(xs+ys))

158 [ Nu = (hcm*dh) /k

159 |Re = (Wm*dh) /v

160

161 | println ("adibatic water")

162 | println ("Reynolds Number = ", Re)

163 | println ("Nusselt Number = ", Nu)

164 | println("Heat transfer Coeff = ", hcm)
165

166 | #graphers
167 | W=W';T=T"'




168
169
170
171

172
173

174

175

X collect (0:dx:xs)

y collect(0:dy:ys)

figure ()

plti=surf(x,y,W,facecolors=get_cmap("jet") (W/maximum(W))
, linewidth=0, shade=false)

xlabel ("x"); ylabel("y"); zlabel("W(m/s)")
figure ()
plt2=surf(x,y,T,facecolors=get_cmap("jet") ((maximum(T) .-

T)/12), linewidth=0, shade=false)
xlabel("x"); ylabel("y"); zlabel("T(deg C)")
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Numerical Analysis of Boundary Layer Flow

§1.1. Basic Model Code

We seek to solve the following problem

Definition 1.1.1 (2d Convection Heat Transfer) The system of equations invoking the usual boundary
layer approximations, the Boussinesq approximations, yields the system of equations given by

Ju Jdvu

ou Jdu  du ’u
E+u$+v—=gﬁ(T Tm)+va—y2 (12)
JaT JT JT °T

§+u£+v@=aa—y2 (1.3)

First we consider the First-Order Upwind Scheme governed by the equation given by

, Tijs1 = Tijj + Ti Tij — T Tijjs1 = Ti
’I;,f = Ti,j + |:0( (Ay)z - ui,]-T - Ui’jT At (14)
, Wija1 = 20,5 + Ujj1 Ujj— Ui-1,j Ui j1 — Uij
u =Ujj+ gﬁ(T )+ By - ui’j—Ax - Ui,j—Ay At (1.5)
uo—ul_
’ ’ L] i-1,j
Uij = Yij1 T [T} Ay (1.6)

A Forward-Time-Central-Space algorithm is described in the problem set, which advances both the
temperature and velocity fields in time.

Using Matlab and implementing the aforementioned algorithms, we design a similar program im-
plementing the constants as shown,

while true
for i = 2:45
for j = 2:45
Tp(i,j)= T(i,j)+(a*(T(i,j+1)-2*T(i,j)+T(i,j-1))/dy"2-u(i,j)*(T(i,j)-T(i
-1,3))/dx-v(i,j)*(T(1,j+1)-T(i,j))/dy)*dt;
up (i, j)= u(i,j)+(g*xb*x(Tp(i,j)-Tinf) +nu*(u(i,j+1)-2%u(i,jd+uli,j-1))/dy
“2-u(i,j)*(u(i,j)-u(i-1,3))/dx-v(i,j)*(u(i,j+1)-u(i,j))/dy)*dt;

vp(i,j)= vp(i,j-1)-(up(i,j)-up(i-1,j))/dx*dy;
end
Tp(i,1)=quw/k*xdy+Tp(i,2);
end
T_hist = [T_hist,Tp(45,1)1;

u_hist = [u_hist,max(up(45,:))];
Tp(46,:)=Tp(45,:);
vp(46,:)=vp(45,:);

up (46, :)=up(45,:);

if (any (T-Tp, 'all'))



1 Numerical Analysis of Boundary Layer Flow 2

16 else

17 break

18 end

19 u=up; T=Tp; v=vp;
20 | end

This fundamental iterative algorithm will be reused throughout, though with varying parameters and
modified boundary conditions. A first iteration to determine the final steady-state temperature is
completed before running the test case. For reference, our steady state Temperature field is given
by the contour

0
0 0.002 0.004 0.006 0.008 0.01 0.012 0.014 0.016 0.018

Figure 1.1: P11 Steady State Temperature Field

This steady state distribution is shown at time t = 8.2465. Again, running the time iteration with the
parameter g, = 200W /m? yields the time-dependent datapoints.

Time Datapoints

We break when the leading edge effect reaches the uppermost component through the condi-
tional

1(if(Tp(44,1)==Tp(45,1) || flag == 1)
2| else

3 time_leading_edge_300 = t*dt;

4 flag = 1;

5| end

yielding a time of
tedge=0.5195

Terminating the loop when 99% of SS is reached, we have

1|if (max(abs(T(45,:)-T_ss(45,:)))/Tinf <.01)
2 break;
3| end

togss = 1.115

Recalculating a steady state temperature field and recalculating the following time datapoints yields
tedge = 0.447

togss = 0.965
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§1.2. Transients

Time Snapshots

In the previously described algorithm, we store these valuesin the T_hist and u_list variables, where-
upon we can observe the variation of surface temperature

70

65
60 -
55 |

sof/ E
a5 p
a0 §

|

30‘

0 1 2 3 4 5 6 7 8 9
Figure 1.2: P1.2 Variation of Upper Edge Surface Temperature

*x

As observed, there is a slight overshoot with the temperature before it reaches the steady state.
Accordingly, the peak and steady state values of u velocity and surface temperature are as follows

Tss = 82.8976 Tnax = 84.9234

uss = 0.1905 Umax = 0.2019

Taking snapshots of the time distributions at t = .164,.5595, .9365, of which ¢t = .9365 maximizes the
wall temperature at the topmost x location.
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They are ordered chronologically starting from the left with the three aforementioned times snap-
shotted going from left to right. Accordingly, the plotted v values

0.09f |

0.08 -

0.06 -

0.05 -

0.04 -

0.03 -

0.02 -

0.01

0 2 4 6 8 10 12 14 16

Figure 1.5: v 3d field plot x10?

and on the outer edge of the boundary layer as a function of x
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Figure %6: v bouidary layefBlot
As x approaches 0, v approaches 0.0213.

Steady-State Solutions

Firstly for g, = 150 we have the following graphs
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following an analogous process for g, = 200 we have
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hence all the plots specified. Laminar analysis



Integral Solution

§3.1. Derivation

Our initial equations present the problem

L= Ax™y (1_ z)Z

0 0

_ %an( _z)Z
T=Ts+ % 1 5

L],

f 9 (T~ To)dy
The first substitution gives

d (°[Ax"y (2]
£ AN
dx Jo| o (1 (S) Y
y6x2m y5x2m y4x2m y3x2m y2x2m
o | o8 55 +2 o P

dy

1
_AZ 2m
70540 ]

1
- = _AZB 2m+n
dx _10 * }

— A2B 2m+n—1
10

d 2
& ﬁé” ]

The second substitution gives

il
dyl, o~ ay |7 o) |,
X 3Ay2xm _4Ayx"
52
5
_ vAx™T
B B
_.va
0

Substituting all three terms into the momentum balance equation yields:

1 d 2m+n\ _ vAx"" quZXZn
5 ax AP =TT
2 A m-n BZxZn

m+nAsz2m+n_1:_v X +gﬁ‘]w6k

105 B




3 Integral Solution

105 dx [ u2] = 38PATO - i

0
Next substitute forms of T and u into energy balance integral equation

aT

P
aLu(TN—T)dyzoz @

d ‘5Axy

Y\2( qoBx" o y\?) 9 [quBx”
dx J, o ( 5)( 2k (1 5) ay =
Left hand side

y=0
_d (°] ABgy’x™™ 2ABqy*x™"  3ABqyx™" 2ABqy*x™"  ABqyx
Cdx 265k %k 63k 5%k 26k
d [ ABgexmts
Cdx 60k

qu(m + zn)xm+2n—1

60k
1 d =
= —%a[UMT]
Right hand side
_a2 [%Bx (1-2 2]
dy | 2k o/ ],

")
Combining above equations yields

1 d —2aAT
—%d—[U(SAT]

1 d aAT
60 a5 1 U0AT] = ==
1 d (ABqux™"\ g
60 dx k Tk
AB?(m + 2n)x™m+2n-1

60 -
to make the left hand terms have the same x dependence

m+2n-1=0
2m+n—1=2n
3 1
5 5



3 Integral Solution

Next plug in m and n, solve for aand b

§3.2. Comparisons

2m+n _ vAx"N GuwB?x?"
A2B 2min-1 _ _
105 X B T8¢k
AB%(m + 2n)x™m+2n-1 _
60 B
7 2 2.2
5 5. 2 VAXS JuwB=x5
5 A2By5 = —
057 7% BT8Pk
75A B= B B 6k
AB (33
60
AB?
_
60
= ?
2 2
1 (60a v 60 quwB
—[==) == Jw=
75(32) BB "8 ex
4842  60av quwB?
B - T8
B5
48a% = —60av + gp q’gk

5

6k
B= 4802 + 60av
[gﬁqw ( )

A= 60a
- 2
[ﬁ (4802 + 60av)] ’
1
5
6= [;ﬁkqx (48a% + 60av)}
w
L= 60axs ¥ 1— Z)Z
6k 2 % 0
[% (48a +60av)]
1
6kx 2 5
ToT 4 Ju [gﬁqw (48& +600(V)] ) (1 B 2)2
® 2k o
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