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Problem Statement

» Consider the time-independent component rendered from the wave
equation under separation of variables

— Sommerfeld radiation condition for unique radiating solution

» Models wave propagation within waveguides

—Viu—-klu=f* on!
n-vu=0 on" wall
n-Vu+ iku=0 on" gu

n-Vu+iku=2ik on";,
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Galerkin Finite Element Method

» Looking for approximate solution in space of linear continuous
functions Vy, on some mesh Ty, (Bubnov-Galerkin)

Vh = {V S CO(!) . V|k S Pl(K)VK S Th}

» We seek some approximate solution Uy with the aid of a test
function vy, both within Vj

— Impose the weighted average with Vi over each element and solve
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Galerkin Finite Element Method

» Integrate on domain, pop out boundary conditions, apply divergence
theorem to get a weak formulation of the PDE
! !

—V2upvd! = k2upvd!
Q Q
| | " "

Vup-Vvd! = k2upvd!+ (—ikup)vds+ (2ik—ikup)vds
Q Q Fout 1—‘in

» Hence the problem, find up € Vi which satisfies this

Problem Formulation 5



Galerkin Finite Element Method

> Replace the approximate solution with a weighted average of basis
functions, and the test function with a basis function, ! (x)

» Gives the discretization of form

[N ! "N
[ oyl 1jlarti(x)d = K[ utid e
j=t =1
# N # uN
k[ uj!j]lids+ @ik " k[ upliD!ids
out j=1 in j=1
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Galerkin Finite Element Method

Factoring out admits a discretization of form Au = b where

A=K -—k*M + ik(Boy + Bin) b =2ikbj,

N $! ! $# # %%
uj Plyattyd k? itjdl+ ik liljds+ liljds
j=1 ! ! " out "in
#
=2ik lids
in
! ! #
K = Pljalljdl M= Filjd Bout = Iiljds
! ! out
# #
Bin = liljds bin = l'ids
n n
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Basis functions

» For some triangle element on the mesh Tk bounded by Xk,xé, X'§

> Corresponding basis functions satisfy ! K(x€) = "

> Say we have linear basis functions of the form ! k = ¢ + ¢;x + coy,
we need to solve the following system for each triangular element on

the mesh
$ e o &$ & % &
1 x{ yi Co - - 1 00
%, " Y%, "=%0 1 0
Co 0 01
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Numerical Quadrature

» Use Gaussian quadrature to evaluate integrals which cannot be

solved analytically with X; the roots of the nth Legendre polynomial
Py #n
f(X)dx ~ w; F(Xi)

1 i=1

» For instance, K becomes (for mesh element T)
!
Kk= vI;.V!;d
] Q

= )+ AL d = Area( TR)(Cricyj + CoiCay)
Tk
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Process

So basically, the process is as follows

» generate a mesh

» for every triangular element

calculate area

calculate basis functions (linear system)

calculate resulting mass, stiffness, etc. matrices w/ quadrature
stamp it into a global matrix

» assemble into Au=b

» solve for u, solution is real part of u

Naturally, many loops and systems that can be parallelized. Note the
resulting system is very sparse.
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https://docs.google.com/file/d/151N3WWJzjudVne6huEXIR4_k7qjwp8vI/preview

OHVKLQJ 3IDUDOOHOL]DWLRQ

3 D U D O O H O L ] H W K function Ruppert(points, segments, threshold) is

ZKHUH ZH DUH LG T := DelaunayTriangulation(points)

\ﬁd P( Fi \/ f+ \A/ FQ | ES FQ FQ LJ := the set of encroached segments and poor quality triangles
\AJ LJ L_[) (2 J () F+ \/ while QO is not empty: // The main loop

if QO contains a segment s:
insert the midpoint of s into T
else QO contains poor quality triangle t:
if the circumcenter of t encroaches a segment s:

5HVW LV KDUG WF sl S

VLQFH WULDQJXO i i:sert the circumcenter of t into T
EODFN ER[HG DQC ond i

PXOWLSOH FLUFX update Q

end while

DW RQFH ULVNV L
HOHPHQW VLIHV  cnd nesoent.



(OHPHQW ODWULFHY &RQVWUXFWLRQ

8VH QXPHULFDO TXDGUDWXUH IRU HDFK
ODLQ ORRS LQGH[ RQ Q X Ijpammmmisaa
GLPHQVLRQV TR, 1y £ [

f = lambda x,y:((cmx[0,i] + cmx[1,il*x)*xy + (cmx[2,i]xy**2)/2.0)

,QWHUQDOO\ XVH ODPEGD |X g = lambda x,y:((cmx[0,j] + cmx[1,jl*x)*xy + (cmx[2,]]xy*x2)/2.0)
FDOFXODWH DSSURSULDWH if pltlk,il,1] > pltlk,j],1]:

id = f(plt([k,il,0],plt[k,1i],1

LQWR JOREDO PDWUL] ja - alpitti o1 o0 pleik, 41,1
(OHPHQWYV QHHG WR EH \|Eme
UHPRYHG IURP WKHLU Q

DYRLG KDYLQJ WZR WKU

RYHU VDPH SDUWV RI JOREDO PDWUL]

- f(pltlk,il,
- o(pltlk,il,

I,pltlk,jl,11)
1,pltlk,jl,11)
tlk,jl,1 I.p
tik, 1,1 I,p

- f(pltlk,il,
- g(pltlk,il,

,pltlk,i],1]1)

1
1)
1)
1) pltlk,i],1]1)

return np.array([id, j



DVLV I XQFWLRQV DQG 1XPHULFDO T

&EXQXPHULF DQG RWKHU SDUDOOHO OLEUDULHYV F
SURFHVVHYV ZLWKLQ WKLV
SUHIHU WR XVH RSHUDWLRQV ZLWK QXPS\ DUUD\V



2YHUDUFKLQJ /LQHDU 6\VWHP

9HU\ VSDUVH OLQHDU
VROYHG
6\PPHWULF DV LW LV i
ZLWK Q HOHPHQWYV R (.
+DUG WR H[DFWO\ WU i

VWULFWO\ GLDJRQDO |
XQVWUXFWXUHG PHVK|
HOHPHQWY VSDWLDOJ§H
RWKHU IDU DSDUW LQ




3DUDOOHOL]DWLRQ &RPPHQWYV

&EXQXPHULF GRHV QRW SDUDOOHOL]H PR
6ROYLQJ WKH DFWXDO OLQHDU V\VWHP LQFXU\

6\VWHP LV YHU\ VSDUVH EXW VLQFH QX
LPSOHPHQW VSDUVH PDWULFHV FRQYHU

VIVWHP VROYH
6SDUVH PDWULFHY LPSOHPHQWHG IURP 6FL3\



3DUDOOHOL]DWLRQ &RPPHQWYV

&EXQXPHULF GRHV QRW SDUDOOHOL]H PR
6ROYLQJ WKH DFWXDO OLQHDU V\VWHP LQFXU\

6\VWHP LV YHU\ VSDUVH EXW VLQFH QX

LPSOHPHQW VSDUVH PDWULFHV QHHG W
6SDUVH PDWULFHVY LPSOHPHQWHG IURP 6FL3\



I1XPHULFDO S5HVXOWYV

‘H VHH UHVRQDQFH SKHC*
IRU GLIITHUHQW ZDYHQXF"|
IRU UDQJH )

5DQ IRU D PHVK HOHPHQ
DQG DQ XQLIRUP UHILQUEPU W T

RYHU




SHVXOWYV

5DQ RQ J GQ [ODUJH RQ $:6 19LGLD 7 &38 ZLWI
MXOLD LPSOHPHQWDWLRQV
5RXJKO\ [ VSHHGXS RQ FULWLFDO VHFWLRQ RI PI

S\WKRQ FX1XPHULF ZLWK *38

1RW JUHDW DGPLWWHGO\ FRVW LQFXUUHG IURP GHQVH PDW
6KRXOG KDYH FRQYHUWHG DW HQG LQWR VSDUVH PDWUL]

done with mesh_import()
done with waveguide edges()
done with femhelmholtzi1()
done with femhelmholtz2()
done with femhelmholtz3()

done with femhelmholtz4()

femhelmholtz execution time: 7.039739370346069 seconds

A\B execution time: 22.86920189857483 seconds

Overall execution time: 32.64009618759155 seconds

.04402865 -0.49637759 -1.91578359 ... 0.90199697 1.00425585
.54496894




SHVXOWYV

$OVR SDUDOOHOL]JHG ZLWK 1XPED WR WHVW SHUI

)DVW ZLWK YHFWRUL]DWLRQ DQG FRPSLODWLRQ
V HODSVHG EDVHOLQH



SHVXOWYV

$OVR LPSOHPHQWHG DQG UDQ RQ -XOLD ODQJXDJ
*38 DFFHOHUDQW URXJKO\ FRUUHVSRQG WR [ &

generating mesh:
4,704548 seconds (15.24 M allocations: 977.409 MiB, 4.65% gc time, 2.62% compilation time)

finding mesh boundaries:
0.340401 seconds (931.75 k allocations: 119.770 MiB, 3.48% gc time, 61.24% compilation time)

generating constituent matrices:
28.525171 seconds (18.06 M allocations: 144.674 GiB, 5.27% gc time, 4.72% compilation time)

solving linear system:
1.181536 seconds (4.29 M allocations: 299.368 MiB, 14.62% gc time, 88.33% compilation time)
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Local Discontinuous Galerkin Method

» The main obstacle for enabling more parallelism is the basis
functions ! j(Xj) = "j needing to be continuous, hence the
necessary synchronization when assembling global matrix and solving
for coefficients on every element

» Discontinuous-Galerkin methods allow these to be piecewise
constant functions, making the mass matrix block-diagonal since
there are no inter-element basis function dependencies

Un = Uik! ik(X)
k=1i=0
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Local Discontinuous Galerkin Method

» Cannot be directly done on anything higher than first-order spatial
derivative

» Rewrite into a system of first-order equations and choose fluxes
appropriately, hence the Local DG method

—V$ = K2u Vu=$

» This becomes embarrassingly parallel because | can parallelize
across elements in constructing elemental submatrices matrices
without race conditions on stamping into the same place on the
global matrix

Further Improvements
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Parallel Unstructured Mesh Generation

» Most naive way to pre-section mesh into a few blocks so at least one
process can take each block

» Falls apart for more complicated unstructured meshes unfortunately

Further Improvements

17



	Problem Formulation
	Parallel Implementation
	Performance Benchmarking
	Further Improvements

